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Let M = a:;, qfi , N = nj=, r/ij be two natural numbers based on the same 
set of primes q1 ,..., qt , where the ei are positive. 
THEOREM. There exist infinitely many normal extensions of the field of rational 
numbers of degree M with class number divisible by N. If A4 is not equal to 2, 
there also exist infinitely many nonnormaf extensions with the same propert)‘. 
It is well known that there exist infinitely many quadratic number 
fields of which the class number is divisible by any given power of 2. 
Using class field theory, it has been shown [4] that given any power qf of 
an odd prime q, there exist infinitely many normal extensions of the field 
of rational numbers of degree q of which the class number is divisible 
by qf. Recently, Ishida [6] has proven this result for nonnormal extensions. 
In this paper, we give a unified approach and obtain, what we believe are 
simpler proofs of some of these results. We also generalize these results. 
More precisely, let {ql ,..., qt) be a finite set of primes and A4 = & qF*, 
N = nj=, q? be two rational integers based on these primes such that 
each of the indices ei is at least one. We wish to prove the following: 
THEOREM. There exist injkitely many normal extensions of the field 
of rational numbers of degree A4 such that the class number is divisible 
by N. If M is not equal to 2, there also exist infinitely many nonnormal 
extensions of degree M with the class number divisible by N. 
Proof. We start by explaining a result of Roquette and Zassenhaus [7]. 
Let K be a field of algebraic numbers which is a finite extension of Q, the 
field of rational numbers. Let [K : Q] = n, q be a rational prime and 
qwg@) be the largest power of q which divides n. If r’K is the number of 
archimedean primes of K and t jj’ denotes the number of rational primes 
* This work is supported by National Science Foundation Grant No. GP-8979. 
116 
ON CLASS NUMBERS OF ALGEBRAIC NUMBER FIELDS 117 
for which all the ramification indices are divisible by q, then the following 
inequality holds. 
r(q)CK 3 tjj) - [r, - 1 + w&n)1 (1) 
where rcq)CK is the q rank of the class group C, of K. If n = q”, observing 
that u, < n, we obtain from (I), 
r(*)CK > t2) - qe + 1 - e 
if 
3 an integer j 
$?3q”+e+f-1 =s (say). 
Thus, if (2) is satisfied, qf divides the class number of K. 
Now, our proof of the theorem consists of three steps. 
(2) 
Step 1. Let q be a rational prime and q” f 2, qf be two rational 
integers larger than one. There exist infinitely many nonnormal extensions 
of Q of degree qe of which the class numbers are divisible by qf. 
To prove this statement, consider the polynomial 
F(X)= XQ'-pplp, "'JJs, 
where p1 ,...,ps are s distinct rational primes. F(X) is irreducible over Q 
by Eisenstein’s criterion. By adjoining a real root of F(X) to Q, we obtain 
a real field K such that [K : Q] = q”. K/Q is nonnormal because q" f 2. 
By considering the discriminant of F(X), it is easily seen that p1 ,..., ps , q 
are the only primes which can be ramified in K. On the other hand, since 
F(X) is Eisenstein’s polynomial for each of the primes p1 ,..., ps , these 
primes are totally ramified in K ([2], p. 205 Ex. 9). Thus, for different 
choices of the set {q,pl ,...,p,}, we obtain different extensions. For each 
field K of this infinite set, tjj’ is at least s. This, in view of (2), completes 
the proof of Step 1. 
Step 2. Let q be a rational prime and qe, qf be two rational integers 
larger than one. There exist infinitely many normal extensions of Q of 
degree qe of which the class numbers are divisible by qf. 
To prove this, let p1 ,..,, ps be s distinct rational primes such that 
pi = 1 (mod qe), i = I,..., s. The existence of an infinite number of such 
primes is assured by a famous theorem of Dirichlet ([3], p. 166). Let Ki 
be the unique subfield of the cyclotomic field of the pi-th roots of unity 
such that [Ki : Q] = q". Let K = K,K, a’* K, be the composite of the 
independent fields Ki , i = 1,2 ,..., s. Let G = Gal. (K/Q). G is direct 
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product of the cyclic groups Gi = Gal. (Ki/Q), i = 1,2,..., s. Let ui be 
a fixed generator of Gi and H be the subgroup of G generated by 
-1 
qg’2 )...) (JIOs -I. It is easily seen that [G : H] = q” and that none of 
Dl > 02 >.**, O, is in H. Let F be the fixed field of H, [F : Q] = q”. We claim 
that each of the primes p1 ,..., ps is ramified in the normal extension F. 
pi is totally ramified in Ki and is unramified in K, ,j f i ([5], p. 201). 
It follows that njii Kj is the inertia field for primes of K lying above pi 
and Gi is the inertia group. Now, ifp, is unramified in F, then F C nIj+i Kj 
and is invariant under G, ([5], p. 139). This requires that u’i is in H. 
A contradiction. Thus, each of the primes p1 ,...,ps is ramified in the 
normal extension F, and hence t, ‘a) is at least s. Thus, the class number of 
F is divisible by qf because Eq. (2) is satisfied. We can obtain infinitely 
many such extensions by taking infinitely many disjoint sets of s primes 
which are congruent to one module q’. 
Step 3. We use induction on t to complete the proof of the theorem. 
For t = I, we have proved the theorem in Step 1 and 2. As induction 
hypothesis, let there exist infinitely many extensions Fi of Q such that 
[Fi : Q] = nL=: q> and n::i 4:’ divides the class number of Fi . In the 
nonnormal case, we work with only the extensions mentioned in the proof 
of Step 1. The fields Fi are then all real. Let Lj be an extension of Q such 
that [Lj : Q] = 4;” and qft divides the class number of Lj . We know from 
class field theory [I] that the Galois group of the Hilbert class field 
(maximal abelian unramified extension) of an algebraic number field is 
isomorphic to its class group. Therefore, there exist extensions Ni , Mj of 
Fi , Lj , respectively, such that [Ni : Fi] = nj:i q:j, [Mj : Lj] = q:t and 
Nil& > Mj/Lj are abelian unramified extensions. It follows that 
F,Mj/FiL, , NiLj/FiLj are abelian unramified extensions and hence 
NiMj/FiLj is abelian unramified. The primes q1 ,..., qt being all different, 
[N,M, : FiLj] = njzl qfj = N and [FiLj : Q] = I-I:=, qik = M. Thus, 
F,Lj/Q is an extension of degree M of which the class number is divisible 
by N. A finite separable extension has only a finite number of subfields. 
We obtain, therefore an infinite number of different fields FiLj . As 
mentioned earlier, to obtain non-normal extensions, we use exclusively 
the real fields of Step 1. 
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